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Learning to use the new calculus in the late 17th century meant looking at quantities and 
configurations, and the relationships among them, in fundamentally new ways. In part, as 
Leibniz argued implicitly in his articles, the new concepts lay along lines established by 
Vi&e, Fermat, Descartes, and other “analysts” in their development of algebraic geometry 
and the theory of equations. But in part too, those concepts drew intuitive support from the 
new mechanics that they were being used to explicate and that was rapidly becoming the 
primary area of their application. So it was that the world machine that emerged from the 
Scientific Revolution could be both mechanically intelligible and mathematically transcen- 
dental. 0 1984 Academic Press. Inc. 
A la fin du Dix-septieme sitcle, apprendre a employer le nouveau “calcul” impliquait de 
regarder sous un nouveau jour les quantites et les configurations ainsi que leurs relations. 
Comme le soutenait implicitement Leibniz dam ses articles. ces nouveaux concepts repre- 
naient en partie les idles etablies par Vitte, Fermat, Descartes et d’autres “analystes” dans 
leur recherche en geometric algebrique et en theorie des equations. Neanmoins, ces con- 
cepts retiraient aussi une partie de leurjustification intuitive des nouvelles mCcaniques dont 
its Ctaient des outils explicatifs et qui devenaient rapidement leur domaine priviligie d’apph- 
cation. De la sorte, le monde mtcanique qui emergera de la Revolution scientifique pourra 
@tre a la fois mecaniquement intelligible et mathematiquement transcendant. 0 1984 Academic 
Press. Inc. 
Das Erlernen des Gebrauchs des neuen Kalkulus am Ende des 17. Jahrhunderts be- 
deutete. GroRen und Konfigurationen und die zwischen diesen bestehenden Zusam- 
menhange auf fundamental neue Weise sehen zu lernen. Wie Leibniz in seinen Beitrlgen 
implizit zeigte, lagen die neuen Begriffe zum Teil auf der Linie, die durch die von Vi&e, 
Fermat, Descartes und anderen “Analytikern” vollzogene Entwicklung der algebraischen 
Geometrie und Gleichungstheorie vorgezeichnet war. Teilweise jedoch bildete die neue 
Mechanik die intuitive Basis fur die neuen Konzepte. insofern diese in der Mechanik 
entwickelt wurden und dort such in erster Linie zur Anwendung kamen. Daher konnte die 
Weltmaschine, wie sie aus der Wissenschaftlichen Revolution hervorging, zugleich me- 
chanisch einsehbar und mathematisch transzendent sein. 0 I984 Academic Press. Inc. 
During the 17th century the world became a machine, and mechanics became 
the mathematical science of motion. The two developments proceeded in tandem, 
driven, one generally supposes, by people’s desire for intelligibility greater than 
that offered by the traditional world picture. One understood nature better be- 
cause it was now mechanical, and mechanics better because it was now mathe- 
matical. But what about mathematics itself? It too underwent radical change over 
the course of the century, not only in its theories and techniques but also in how 
mathematicians understood their subject. The Ancients would hardly have recog- 
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nized geometry in the book Descartes published by that name, and what he 
thought incomprehensible in the 1630s formed part of standard mathematical prac- 
tice in the 1690s. 
Only by taking account of the altered canons of intelligibility in mathematics 
can one understand how the world machine of the late 17th century could be 
comprehensible and yet transcendental. By the 1690s the mechanics of nature 
consisted of relations describable only in terms of logarithms and exponential 
functions, of sines, cosines, and tangents. Planets moved by an area law on curves 
that were not algebraically quadrable or rectifiable. Pendulums swung in periods 
only approximately measurable by trigonometric functions, and even then only by 
assuming a value for rr. Mathematical and physical space held a host of new 
curves-caustics, isochrone, brachistochrone, tractrix, catenary, and so on- 
many of them expressible only by means of differential equations. 
Yet, differential equations themselves belonged to a new conceptual realm. 
Algebraic in appearance, they symbolized mathematical operations at the upper 
and lower boundaries of finite quantity. For many thinkers, those boundaries 
marked the limits of understanding. Moving along them or across them required a 
point of reference by which the mind could check the course of its operations. In 
some cases, that point of reference was nothing other than the new mechanics that 
was leaning on the new mathematics for conceptual support. So proponents 
claimed on the one hand that infinitesimal analysis yielded mechanical insights 
otherwise unattainable and on the other that the concepts of the calculus were 
rooted in kinematical experience. In the developmental pattern now familiar as 
“bootstrapping,” mechanics and mathematics helped one another to intelligibil- 
ity. They did so in part by conspiring to change the canons of intelligibility by 
which understanding of them was measured. Mathematicians and mechanicians at 
the end of the century did not understand their subjects better than had their 
predecessors of the early 1600s but rather differently. The new analysts gauged 
their understanding by new standards, among them heuristic efficacy. Fruitful use 
of a notion conveyed its own sort of intelligibility. 
What follows is an attempt to chart the course by which mathematicians made 
the transition to new forms of understanding. The brief compass of this essay 
permits no more than the identification of several crucial points at which practi- 
tioners veered into new directions of thinking. They took their start in the realm of 
algebra. 
In 1638, to the consternation of admirers in Paris, Descartes announced his 
intention to turn from mathematics to other fields of inquiry. In response to the 
protests conveyed by Mersenne, he explained: 
I am obliged to M. Desargues for the concern he graciously shows for me by averring his 
disappointment in my no longer wishing to study mathematics. But I have resolved to leave 
only abstract mathematics, that is to say, the investigation of questions that serve only to 
exercise the mind. And I do so to the end of having that much more leisure to cultivate 
another sort of mathematics, which sets itself as questions the explication of natural phenom- 
ena. For, if he will please consider what I have written on salt, on snow, on the rainbow, and 
so on, he will know well that my whole physics is nothing other than mathematics. [l] 
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In retrospect, given such goals, Descartes left off where he should have begun. 
For the mathematics in which he had been engaged that spring and to which he 
would be recalled willy-nilly over the next years is the mathematics to which 
physics was eventually reduced. But Descartes did not see it that way. Such 
questions as determining the tangent and area of the cycloid (and of other “spe- 
cial” curves) or of finding a curve given a defining property of its tangent seemed 
to him merely curiosite’s, especially since in many cases neither the curves nor the 
methods to handle them fitted his notion of what was mathematical. 
Mathematical for Descartes was what could be grasped in a single intuition or 
could be reduced in clearly understood steps to such immediate apprehension. In 
geometry the straight line was immediately intelligible; in arithmetic, the unit and 
the combinatory acts of addition and subtraction. From these one derived the 
notion of ratio (or rapport) and equality of ratio (or proportion), and thence the 
concepts of multiplication and division, raising to a power and finding mean 
proportionals. By building on these elements, he argued at the beginning of his 
GPom&rie, one could give clear meaning to all finite algebraic expressions and 
clearly relate those expressions to plane curves, thus supporting one’s intuition of 
the simple figures and providing a vehicle for understanding the complicated ones 
La. 
For Descartes, then, mathematical intelligibility came to rest in closed algebraic 
expressions. What they did not suffice to express did not participate in the clarity 
of mathematical knowledge and hence was not mathematics. So it was that, even 
though Descartes easily determined the area of the cycloid by two different meth- 
ods-the Archimedean method of exhaustion and a method akin to Cavalieri’s- 
and went on to find the tangent to the curve by a technique akin to determining its 
center and radius of curvature at the given point, he could discern nothing of 
mathematical import in such exercises. He could not express his techniques 
algebraically. Why people like Roberval, claiming to be interested in mathematics, 
made such a fuss over such problems was something Descartes could not under- 
stand. 
Roberval, in fact, shared Descartes’ view of what was properly mathematical, if 
not of what was mathematically interesting. In a letter to Torricelli written some- 
thing after 1645, he contrasted his method of infinites to Fermat’s use of analysis 
in finding centers of gravity, where by “analysis” he meant “algebra.” Fermat’s 
approach seemed to Roberval “most abstruse, most subtle, and most elegant”; 
his own, perhaps simpler and more universal [3]. 
But the standard was clear. It shines forth in James Gregory’s Vera quadruturu 
hyperbolue et circuli of 1667 and even in Christiaan Huygens’ strenuous criticism 
of that work. A “true quadrature,” i.e., a truly mathematical quadrature, is an 
analytic quadrature, A problem is analytic if it can be expressed and investigated 
algebraically, where “algebra” now denotes the theory of equations. Given the 
foundations of intelligibility in the basic operations of algebra, talking about 
curves and what could or could not be known about them came down to talking 
about equations and how they could be transformed. Three features of this atti- 
tude in the 17th century are worth noting here. 
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First, for reasons that I have set out in detail elsewhere, both Fermat and 
Descartes, and then their successors for some time afterward, thought their meth- 
ods of tangents and maxima and minima to rest in the theory of equations and 
hence to be fully analytic. But they were analytic only insofar as they were applied 
to analytic curves. Other curves presented special challenges, and many of the 
methods of tangents published and touted in midcentury aimed at handling the 
wider range of curves in a uniform manner. The title of Leibniz’ first published 
account of the calculus in 1684 described it in terms of this problem, and it was 
probably for that reason that many initially failed to appreciate the profound 
novelty of his approach [Leibniz 1684/1859]. His next few articles were aimed at 
showing that his calculus of differentials was not just another extension of the 
method of maxima and minima. 
Second, one of the major themes of both Viete’s and Descartes’s theory of 
equations was the reduction of quadratic, cubic, and quartic equations to forms 
equivalent to the determination of mean proportionals between given extremes. It 
confirmed the understanding of equations as basically compound proportions. 
Equations of the fifth degree and higher resisted such a general reduction to the 
pure form. By the 1670s the question of whether it was in fact possible seems to 
have grown in urgency [4]. The range of opinions-and in the absence of a proof 
or a disproof there could be only opinions-suggests what people then thought to 
be at stake. Cartesians argued, to take a phrase of the time, that the fault lay in the 
artisan rather than the art. For them equations were intelligible because, as com- 
pound rapports or relations, they were reducible to the simple intuitible rapport 
that is ratio. To surrender that notion was to surrender intelligibility. Others, by 
contrast, were readier to accept that the rules of the art might change at the fifth 
degree. They had come to find algebraic expressions intelligible in themselves, or 
at least no less intelligible for not being explicitly resolvable into simpler forms. 
Equations expressed relations. “A quantitative relation,” wrote Leibniz, “is a 
way of finding one quantity by means of another,” and, as will become clear 
below, an equation of whatever degree constituted a modus inueniendi [Leibniz 
ca. 16901. He said this in Latin, using relatio. When he talked this way in French, 
relatio became rapport. (One can trace a shift from the narrow to the extended 
sense of rapport over the course of Malebranche’s later career.) 
The question thus became: What constitutes a “way of finding,” a modus 
inueniendi? One can solve finite equations-or some of them-but is an infinite 
series a way of finding? Is a trigonometric relation a relation in Leibniz’ sense? 
Does a differential or an integral express a relation? 
This is the third point. Leibniz, taking algebraic equations as themselves basi- 
cally intelligible, moved to extend the notion of what constituted an equation, or 
rather a quantitative relation. For example, in a 1686 article titled “On a Hidden 
Geometry and on the Analysis of Indivisibles and Infinites,” in which he ex- 
plained the deeper meaning of the method published in 1684, he said 
I prefer moreover to set out dx and similar [expressions], rather than letters for them. because 
this dx is a sort of modification of x itself. Thus with its help, when it is necessary, only the 
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letter x with its powers and differentials enters the calculation. and the transcendent relation 
between x and some other [quantity] is expressed. 
Here Leibniz offered as examples “algebraic” expressions of the versine x of arc 
a, a = Jdx:m, x and of the cycloid, y = m + Jdx:m, the latter 
of which 
perfectly expresses the relation between the ordinate y  and the abscissa x; from it all the 
properties of the cycloid can be demonstrated. In this way analytic calculus is extended 
[pro~otus] to those lines that have hitherto been excluded for no other cause than that they 
were not believed to be subject to it. [Leibniz 168611859. 2311 
This passage requires considerable exegesis, more than the current occasion 
allows. To begin with, what are transcendent relations? They are those that “are 
not plane or solid or sursolid or of any determinate degree, but rather transcend 
every algebraic equation.” In short, they are what Descartes called “non-mathe- 
matical” relations. For Leibniz, by contrast, they can be made mathematical by 
considering dx to be the result of some operation on x of a sort comparable to the 
basic combinatory operations. Leibniz went into no further detail in the article, 
but later on in an unpublished treatise he tried at some length to show that the 
rapports among differentials can be reduced to those among finite quantities and 
hence that differential equations are finite equations at heart [5]. 
The goal of the effort and the language in which it is couched are more impor- 
tant than its ultimate futility. Accustomed to understanding complex mathemati- 
cal relations and intricate geometric configurations by means of their equations, 
Leibniz sought to include new relations and configurations by introducing new 
sorts of equations into analysis. For him the scope of mathematics was set by the 
methods of solving ordinary and differential equations, which thereby became 
themselves the proper and central object of mathematical understanding. In this, 
followers of Descartes saw a triumph of technique over intelligibility. 
Not only mathematics was at stake. As mentioned at the outset, the new curves 
and techniques of solution Leibniz was bringing under the aegis of analysis per- 
tained largely to physical problems. As he put it in concluding his 1694 article, 
“Considerations sur la difference qu’il y a entre l’analyse ordinaire et le nouveau 
calcul des transcendantes,” 
Finally. our method is properly that part of general mathematics that treats of the infinite, and 
that is why it is so necessary for applying mathematics to physics; because the character of 
the infinite Author ordinarily enters into the operations of nature. [LM.S.V.308]. 
At heart, nature itself was transcendent in Leibniz’ sense, and a mathematics of 
nature would have to be similarly so. 
An example from Leibniz’ early mentor, Huygens, and then one from Leibniz 
himself show where this led. In deriving the period of a simple pendulum in 1659, 
Huygens began with a geometric picture of the bob’s circular arc over a short 
swing and then superimposed on it first the parabolic gradient of its speed as a 
function of distance fallen and then an auxiliary curve, the quadrature of which 
would yield him his answer (for details of the derivation see Mahoney [ 1980]). But 
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to carry out the quadrature-no, carry out the transformation of the curve’s 
equations into a form Huygens could square-he had to replace the bob’s trajec- 
tory by a parabolic arc quite close to it [6]. Asking himself then for what trajectory 
the substitution would be exact rather than approximate, he recognized a recently 
derived property of the cycloid 171. In fact, with the cycloid in place he no Ionger 
needed to assume that the arc be small. It could be of any size. The cycloid is the 
tautochrone. Since it is also its own evolute, cycloidal leaves constrain a pendulum 
to follow a tautochronic path. 
Some years later, in 1675, while studying the rectification of the cycloid, Huy- 
gens recognized that the arc length measured from the vertex of an inverted 
cycloid was proportional to that segment of the tangent that would correspond to 
the accelerative force on a body moving along the cycloid at the point of tangency. 
That is, in an inverted cycloid the distance from the lowest point is proportional to 
the gravitational force moving a body along it. But, he reasoned, the cycloid is a 
tautochrone; hence, that relation is itself the tautochronic relation. Moreover, the 
relation holds for springs. Therefore, springs are tautochrones. Indeed, he could 
think of a host of mechanisms expressing the relation. His notes of the early 1690s 
are filled with them. All of them must be tautochrones. As one reads through his 
studies on this subject, it seems clear that from 1675 the physical pendulum that 
had once embodied his and his predecessors’ understanding of what we now call 
harmonic motion was replaced, not by another physical instance, but by a mathe- 
matical relation. Huygens himself expressed it in words with reference to a dia- 
gram. Leibniz’ new calculus then provided the symbolic form: ddS + kSdt’ = 0. 
That was the tautochrone; it was an equation, not a device. 
Something of the sort may underlie Leibniz’ 1689 effort to place the vortex 
theory on a mathematical footing, “Tentamen de motuum coelestium causis” 
[Acta eruditorum (1689); LMS.VI.144-1611. One reads his definition of “har- 
monic oscillation” as that in which the linear speed of the circulating body is 
inversely proportional to its distance from the center of circulation, and one 
wonders what fluid Leibniz thought he was describing. It may be that in his mind 
at the time the fluid in question was precisely the juid he was describing. In the 
order of things, first the tautochrone, then the tautochronic mechanism; first 
harmonic circulation, then a harmonically circulating fluid. Again, the way he is 
thinking, that is, the grounds of his understanding and what he takes to be the 
grounds of his readers’ understanding, is more important historically than whether 
he was correct in thinking that way. 
These examples from the work of Leibniz can be multiplied many times over by 
means of material from the writings of the Bernoullis, of Varignon, and of similar 
Continental proponents of the new calculus and its application to mechanics. As 
important, perhaps, are the examples from the writings of contemporaries, espe- 
cially Cartesians, whose criticisms of the calculus seem strangely off the mark 
until one realizes what lies behind them, namely, an inability to “see” what is 
going on or an unwillingness to accept heuristic success as a substitute for clear 
understanding. Discourse among the “new” analysts rested on new canons of 
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mathematical and physical intelligibility. That people of intellectual standing at 
the time had difficulty accepting them shows how new they were. 
NOTES 
1. Letter from Descartes to Mersenne, 27 July 1638. in Descartes [Vol. II, p. 2681, hereafter referred 
to in the form AT.II.268. 
2. For a discussion of Descartes’ treatment of curves. see Molland [1976] and Bos [1981]. 
3. Letter from Roberval to Torricelli [post 16451, Memoires de I’Acudemie Royale des Sciences, 
1666-1699 (hereafter MARS), Vol. X. 440-478; at 449. 
4. Cf. Leibniz’ correspondence with Oldenburg and Collins. and the subsequent literature of the 
1780s and 1790s. 
5. See his manuscript work, “Cum prodiisset atque increbuisset Analysis mea infinitesimalis . .” 
[post 17011, in Gerhardt [1846], translated by Child [1920] and discussed by Bos [1974]. 56-64. 
6. The circle was the osculant of the parabola. 
7. He had been working on the cycloid at the time, stimulated by the controversy provoked by 
Pascal’s challenge of 1654. 
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